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An exposition is given of smooth BIB-designs and their local properties. 
Here, we study smooth BIB-design and some of their local properties which can 
be related to internal and external structures and duality. This provides us with 
some equivalent characterizations of a class of such designs (see Proposition 2.9). 
We use [3, Chapters 1 and 21, for the following definitions and notations. 
Incidence structure S, points, blocks. Dual incidence structure S. Symmetric 
incidence structure. Internal and external structures with respect to a block 
B : SB, SB (this is sometimes called a ‘residual structure’). Internal and external 
structures with respect to a point p: Sp, Sp. Design D. Symmetric design 
(=projective design in [3n. Line of a design. Smooth design. Embedduble design. 
Design with parulZeZism. Afine design. 
We add the following usual notations for designs (see [3] for a complete 
exposition). 
9: block set, lSe\ = b. CP: point set, ISI = V. For any block B: [B] = k. For any 
point p: [p] = r. For any distinct points p, q: [p, 43 = A. 
We list other concepts taken from the same reference. 
Design with repeated blocks. Multiple design D = mD, (where blocks are 
repeated m times and the structure with repeated blocks taken only once is still a 
design Do). 
We will make use of the basic identities on designs: 
vr = bk, A(v - 1) = r(k - 1). 
We recall the following property relating internal and external structures to 
dual structures (see [2] for the proof). 
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Prop&ion 1.1. Let S denote an incidence structure and S” denote the dual 
structure of S. Then we have the following identities: 
(sB)* = @*lb, (sB)* = (s*)b, 
<s,,* =(S”),, (sp)* = (s*)p. 
Here b is the point of S” corresponding to block B of S and P is the block of S* 
cowesponding to point p of S. 
A straightforward application of Proposition 1.1 is the following theorem that 
holds for afhne designs. We recall that an afhne design is a design with a 
parallelism such that every pair of non-parallel blocks have the same number of 
common points. 
Theorem 1.2. Let A be an afine design. Then (A,)* is a design, for every point p 
of A. 
2. smoothdeSigns 
We give some results concerning smooth designs. Some of them are related to 
duality and to internal and external structures. 
Here.we recall the definition of smooth design. 
. . m 2.1. A smooth design is a design such that every three non-collinear 
points are incident with the same number of blocks. 
We recall that a line of a design is the intersection of all blocks through two 
points. Given a design D, we denote by D(p) the structure of lines and blocks of 
D through a given point p, with incidence defined by inclusion. 
The following proposition holds (cf. [3, 2.1.20, 2.1.211 and see [4] for the 
proof). 
Proposition 2.2. Let D be a smooth design, with parameters (b, v, r, k, A). Let t 
denote the number of blocks incident with three non-collinear points. Then 
(a) Every line has the same number h of points: 
hk-tu 
h=A t. - 
(b) If A > 1, then for any point p of D the lines and blocks through p form a 
design D(p) with parameters (b’, v’, r’, k’, h’): 
v-l k-l 
r7h-+h_l’ 
where h has the same meaning as in (a). 
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(c) t = A(A - l)/(r - 1) if and only if A = 1 or the design in (b) is symmetric. 
We note that condition (b) is also sufficient in order for D, with A > 1, to be a 
smooth design. 
We add the following property. 
Propodtion 2.3. Let D be a smooth design. Then 
t = AtA - 1) if and only if k-l r-1 h =h+l. 
Here t, h have the sanie meaning as in Proposition 2.2. 
Proof. Let A > 1. Then t = A(A - 1)/r- 1) if and only if the design D(p) of 
Proposition 2.2(b) is symmetric. This happens if and only if A = (k - l)/(h - l), i.e. 
h=(k-l)/A+l. The case A= 1 is a special one for which t = 0, h = k and the 
lines are the blocks of D. The proof of the proposition is trivial in this case. 
The following property will prove useful later on. 
wn 2.4. Let D be a design with A > 1 and D(p) the structure of lines and 
blocks through a given point p. D is a smooth design and D(p) is symmetric for 
every p if and only if (D,)* is a multiple of a symmetric design for every p. 
Proof. Let D be a smooth design with parameters (6, v, r, k, A). Let t, h have the 
same meaning as in Proposition 2.2. D(p) is a design. Take the structure DP 
Every h - 1 points of DP on a line of D through p are incident with the same A 
blocks of Dp’ We can think of these (h - 1)-tuples of points as ‘repeated points’ of 
DP, as they are incident with the same blocks of DP. As every point of DP is on a 
line through p, every point is a ‘repeated point’. Let us take the dual structure 
(O,)*. Every (h - 1)-tuple of blocks of (D,)” which are dual of a (h - 1)-tuple of 
‘repeated points’ of DP is a (h - 1)-tuple of repeated blocks of (DP)*, as they are 
incident with the same points of (D,)“. Every block is repeated h - 1 times. So the 
structure (Db)* is an h - 1 multiple of a structure SO: (D,>* = (h - l)S,. Note that 
SO = [D(p)l*. 
When D(p) is a symmetric design, SO= [D(p)]* is also a symmetric design, 
which we denote Do, with the same parameters as D(p): (r, r, A, A, t) with t = 
A(A - l)/(r- 1) and h = (k - 1)/A + 1. In this case we have (D,)* = ((k - l)/A)DO. 
(D,)” has parameters 
v-l,r, k-l,A, 
The reverse is easily checked. This completes the proof. 
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Note that as pairs of blocks of DP meet in (A - l)(k - l)/(r - 1) points for every 
p then all pairs of intersecting blocks of D meet in 
(A - l)(k - 1) + l 
r-l 
Pints 
We state now the dual counterpart of smoothness. 
propoeition 2.5. A design D is smooth if and only if in the dual structure D* every 
pair of blocks meet a given block (dual of a point of D) in either t or A points, for 
every given block P of D”. 
The above Proposition states that D is smooth if and only if for every block P 
of D* every pair of blocks of (D”), meet in t or A points. The pairs that meet in A 
points are repeated blocks of (D*),. 
De&&ion 2.6. A design D is quasi-symmetric if the number of points in the 
intersection of two blocks takes just two values, x and y (x < y). The intersection 
numbers x, y will be denoted in(x, y). 
From Proposition 2.5 we have the following consequence. 
CorolIay 2.7. Let D be an incidence structure. D is a smooth design and (Dp)* is a 
&sign for every point p of D if and onEy if (D,>* is a quasi-symmetric design with 
in(t, A) and with repeated blocks, for every p. 
In what follows we also need this property. 
proposition 2.8. Let D be a design. Let all pairs of intersecting blocks of D meet in 
the same number y of points. Then we have : 
y=(WW1)+l 
r-l 
. 
Proof. If D is symmetric the proof is trivial. If D is non-symmetric, then D is a 
quasi-symmetric design with in(0, y) and the proof follows from Proposition 1 of 
Dl. 
We are now in a position to state the following proposition that gives many 
equivalent characterizations of smooth designs with property (c) of Proposition 
2.2. This class of designs, which includes projective and afhne spaces, may be seen 
as a generalization of regular locally-projective spaces given in [S]. Designs under 
consideration may be defined ‘regular locally-symmetric spaces’. 
ProposM9n 2.9. The foIlowing statements are equivalent for a design D with A > 1. 
(a) D is smooth and (Dp)* is a design for every point p of D. 
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(b) (D,)” is a quasi-symmetric design (with in(t, A) and with repeated blocks), 
for every point p of D. 
(c) (DP)* is a multiple of a symmetric design (with multiplicity h - 1 = (k - 1)/A), 
for every p. 
(d) D is smooth with t = A(h - l)/(r- 1). 
(e) D is smooth and every line has h = (k - 1)/A + 1 points. 
(f) D is smooth and every pair of intersecting blocks meet in 
y_(WW)+l points 
- 
r-l 
. 
Proof. (a) e (b). This is Corollary 2.7. 
(b) e (c). This is Proposition 16 of [l]. 
(c) e (d). This is a consequence of Proposition 2.4 and Proposition 2.2(c). 
(d) e (e). This follows from Proposition 2.3. 
(c) e (f). This follows from Propositions 2.3 and 2.8. 
Note on ‘local’ smoothness 
Define a design D ‘locally’ smooth with respect to a point p if for every pair of 
points p1, p2 non-collinear with p we have [p, pl, p2] = t (remember that if pl, p2 
are collinear with p then [p, pl, p2] = A). Here [p, pl, p2] means the number of 
blocks through p, pl, p2. 
A smooth design is a locally smooth design with respect to every point p. We 
observe that all propositions given above hold for locally smooth designs D as 
long as we take (D,)” for a given point p instead of for every p, and if t, h mean, 
respectively, the number of blocks through p, pl, p2 for any pl, p2 non-collinear 
with p, and the number of points on every line through p. 
We can add the following characterizations for designs defined by Proposition 
2.9. 
Proposition 2.10 (cf.[3,2.1.223). Let D be a smooth design with A > 1. Then D is 
symmetric if and only if D is a projective space. 
We state the following about the non-symmetric type of designs among those 
given above: 
pllopoapition 2.11. Let D be a non-symmetric design, with A > 1 and r = k + A. Let 
(D,)” be a muEtiple of a symmetric design for every point p. Then D is an afine 
design. 
Proof. This statement was proved in [l, Theorem 291 in the special case where D 
is embeddable. The same proof works without this restriction, provided r = k + A. 
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Corollary 2.12. Let D be a &sign with A > 1, r = k + A. Let (D,)” be a multiple of 
a symmetric design for every point p. If lines of D have more than two points, then D 
is an afine space. 
Proof. By Propositions 2.8 and 2.11, D 
number of points on every line), D is an 
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